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An explicit numerical implementation is described, for a constitutive model of glassy polymers, previ-
ously proposed and validated. Then it is exploited within a Finite Element continuum model, to simulate
spontaneous strain localization (necking) occurring during extension of a prismatic bar of a typical glassy
polymer. Material parameters for atactic polystyrene are employed. The material model is physically
based and highly non-linearly viscoelastic. Three of its principal features are critical in simulations of
strain localization: rate-dependence of plastic ﬂow stress; strain-induced structural rejuvenation, repre-
sented by increase of Tool’s ﬁctive temperature and leading to pronounced post-yield strain softening;
and molecular alignment during extension, giving rise to strain-hardening. In all simulations there is a
peak in nominal stress, satisfying the condition for localization to occur. Nevertheless, the simulations
show that the process of strain localization varies considerably, depending on details of the extension
sequence and on assumed values for certain material parameters. A characteristic feature observed is that
strain localization in such a material occurs in two stages. There is an initial spurt associated with strain-
softening, followed by a slower growth of localization that eventually subsides, ultimately giving way to
uniform extension of the neck. But the details of evolution of the strain distribution vary greatly. The
rapidity and severity of localization are increased by decreased temperature, increased strain-rate or
greater structural rejuvenation. A simple one-dimensional stability analysis is successful in explaining
the results.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Numerical modelling of ﬁnite deformation elasto-viscoelasticity
of solid polymers has attracted much attention in recent years. An
important motivation is to investigate mechanisms of strain local-
ization and failure in these materials. For example, polymers are
particularly susceptible to strain-softening arising from deforma-
tion-induced structural change. This can have a dramatic effect
on their macroscopic mechanical behaviour. Moreover, the result-
ing strain localization can show a complex dependence on prior
thermal history and testing conditions (temperature and loading
speed). Clearly, for load-bearing polymer products to be designed
with conﬁdence in their service performance there is a need for
quantitative understanding of such effects, and the ability to pre-
dict them. This in turn depends critically on the development of
efﬁcient, robust numerical models for the materials of interest.
However, numerical modelling of the ﬁnite, non-linear viscoelastic
deformation involved remains a challenge. Disagreement remains
on how this is captured best in constitutive models, and little has
been published yet on strategies for their numerical solution in
continuum models. The present paper aims to help resolve this
situation by making two contributions. First, the numerical imple-ll rights reserved.mentation of a previously proposed, physically based, three-
dimensional, large deformation, constitutive model for glassy poly-
mers is described. Second, this material model is employed within
a Finite Element continuum model of the axial stretching of a rect-
angular bar of glassy polymers, to reveal the process of strain local-
ization in such a material.
A characteristic feature of glassy amorphous polymers, in the
temperature region immediately below the glass transition where
they show ductility, is that plastic deformation may induce a
change of molecular packing that is manifest in signiﬁcant post-
yield strain-softening. This makes them particularly prone to
spontaneous strain localization (necking and shear banding).
Sometimes necking leads directly to failure. However, it is well-
known that in some polymers, after initial instability associated
with a peak in the load initiates formation of a neck, it may stabi-
lize and then simply propagate along the whole specimen – e.g. see
Marquez-Lucero et al. (1989). The reason for necking during exten-
sion of apparently straight-sided, apparently homogeneous tensile
specimens of uniform properties is well-known: the coincidence of
(a) minor irregularities of geometry or properties that cause slight
nonuniformity of strain, and (b) an intrinsically unstable consti-
tutive response, causing any strain perturbations to diverge.
However, the strongly strain-hardening nature of polymers, associ-
ated physically with progressive alignment of the molecules during
extension, may intervene to re-establish stability. From then
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lengthening neck of approximately constant cross-section.
Vincent (1960) proposed that this sequence can be portrayed in
terms of a modiﬁed Considère construction as depicted in Fig. 1 for
uniaxial extension. He argued that there may be two critical points
on the intrinsic curve of true axial stress r versus axial stretch k,
whose tangents pass through the origin, corresponding to a maxi-
mum (M) and minimum (N) in the applied force. He asserted that
localization of strain begins at the point M, forming a ‘‘neck”, and
grows in severity until point N is reached within the neck, where-
upon localization ceases and an apparently stable neck is obtained.
Any further grip displacement is accommodated by axial growth of
the necked region. Thus, according to this account, localization
both begins and ends where or/ok = r/k (or expressed in terms of
true strain or/o e = r).
Although widely quoted in the literature, Vincent’s argument is
apparently in conﬂict with some experimental observations. It ne-
glects the rate-sensitivity of polymers. Hart (1967) claimed to
show that sufﬁcient rate-sensitivity in a material will suppress
the instability associated with the load maximum (M in Fig. 1) en-
tirely, and necking will then not occur. The same has been sug-
gested in the case of polymers by Sweeney et al. (1997, 1999,
2002). Indeed, it is not uncommon in tensile testing of polymers
to ﬁnd experimentally that the existence of a load maximum dur-
ing extension does not necessarily give rise to experimentally sig-
niﬁcant strain localization. Examples from the authors’ laboratory
are the hot-drawing just above the glass transition of poly(methyl
methacrylate) (Dooling et al., 2002) and of polystyrene (De Focatiis
and Buckley, 2007). But in each case, the avoidance of a measurable
neck was found to be critically dependent on the strain-rate being
below a critical value and the temperature being above a critical
value. Clearly, the situation is more complex than described by
Vincent (1960). Hutchinson and Neale (1977, 1983) provided an
explanation in the context of metals. They showed that Hart’s logic
was false, and that if a suitably objective criterion is used, rate-sen-
sitivity cannot remove the instability associated with a peak in
load. They did show, however, that rate-sensitivity can have a pro-
nounced effect on the progress of localization. For example it may
greatly defer the appearance of measurable localization to larger
strains. It seems the key to understanding localization in rate-sen-
sitive materials such as polymers, is to understand the process by
which localization occurs.
Numerous authors have recognized that numerical modelling is
a promising tool for studying the process of localization. In a series
of papers, Neale and Tugcu employed Finite Element Analysis
(FEA), together with an empirical elastic–viscoplastic representa-
tion of polymer constitutive response, without and with rate-sen-
sitivity, to study the progress of neck initiation and propagation
during extension of polymeric bars and sheets (Neale and Tugcu,
1985; Tugcu and Neale, 1987a,b, 1988, 1990). Their results simu-
lated correctly, for the ﬁrst time, the gross features of necking inM
N
10 λ
σ
Fig. 1. Vincent’s extended Considère construction for onset and arrest of necking at
M and N, respectively.polymers. Tomita and Hayashi (1993) employed a similar model
to simulate thermo-mechanically coupled necking in glassy poly-
mers. These early studies were reviewed by Tomita (1994). But
the empirical elastic–plastic constitutive models employed do
not capture the strongly viscoelastic nature of deformation in poly-
mers, hence it is unclear to what level of detail their predictions are
relevant for real materials.
Since then, there has been substantial progress in developing
more realistic large deformation nonlinear viscoelastic constitutive
models for polymers, and Boyce and Arruda (1990) were the ﬁrst to
exploit such a model in FEA simulations of strain localization in a
glassy polymer (polycarbonate (PC)), achieving reasonable agree-
ment with experiment. Wu and Van der Giessen (1995) employed
a constitutive model closely similar to that of Boyce and Arruda to
study in some detail the necking of a glassy polymerwith properties
similar to those of PC, focusing especially on the roles of strain-soft-
ening, strain-hardening and rate-dependence in inﬂuencing evolu-
tion of the neck cross-section. Tomita and co-workers also
demonstrated the ability of a modiﬁed form of such a model to cap-
ture necking in glassy polymers (Tomita and Tanaka, 1995; Tomita
et al., 1997; Tomita, 2000) and also shear localization in thesemate-
rials (Tomita and Adachi, 1998). In fact they showed it could even be
usedwith an iterative process to identifymodel parameters (Tomita
et al., 1997). More recently, Govaert and co-workers have used a
similar approach to model necking in polycarbonate (Govaert
et al., 2000; Van Melick et al., 2003). In particular they have high-
lighted the pronounced sensitivity of localization to the degree of
strain-softening: in a glassy polymer this is determined by its prior
thermomechanical history. Lindgreen et al. (2008) showed that FEA
combined with a constitutive model adopted from that of Wu and
Van der Giessen (1995) can be used successfully to predict strain
localization during expansion of a polymeric tube.
From such studies, it is now clear that, provided a reasonably
realistic constitutive model is employed for the polymer, accept-
able predictions can be made with FEA, for the development of area
reduction of the neck during unstable extension of a glassy poly-
mer. However, none of the previous studies with realistic polymer
models reveal ﬁne detail of the evolution of the strain distribution
during localization, as needed to gain more insight into the process
of localization. Snapshots were provided by Boyce and Arruda
(1990), who showed contours of plastic strain-rate for a single sim-
ulation, Wu and Van der Giessen (1995) who showed contours of
plastic strain-rate during two simulations, and Tomita and co-
workers (1995, 1997, 1998, 2000) who showed contours of strain
and strain-rate for various simulations. But to gain more under-
standing of the process of necking and how its severity varies
according to circumstances, information is needed on how the
evolution of the whole strain distribution varies with the key
material properties and the testing conditions. The objective of
the present work is to provide this missing information, and an
explanation of it.
From the discussion above, an important requirement for this
work is a realistic constitutive model for glassy polymers. The basis
of the model used here is the considerable body of evidence, for
example reviewed by Ward (1982), suggesting that large deforma-
tions in these materials are dominated by two physical processes.
These are: elastic stretch and thermally activated relaxation of in-
ter-atom (predominantly inter-molecular) potentials; and hyper-
elastic stretch of the network of entangled entropy-elastic
molecular chains. The ﬁrst authors to capture this in terms of a
(one-dimensional) constitutive model for large deformations were
Haward and Thackray (1968). It was on a similar basis that Boyce
and co-workers (1988a,b,1992) later proposed a fully three-dimen-
sional constitutive model and applied it with success to various
other aspects of behaviour of several glassy polymers (Arruda
et al., 1993; Arruda and Boyce, 1993a,b; Hasan and Boyce, 1995).
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Giessen (1995), Tomita and Tanaka (1995) and Tomita (2000). An
alternative 3D extension of Haward and Thackray’s model was pre-
sented by Tervoort et al. (1996), Govaert et al. (2000) and Klompen
et al. (2005). A common feature of all these models is that they em-
ploy an empirical representation of post-yield strain-softening,
which plays a pivotal role in strain localization.
Buckley and Jones (1995) independently proposed a 3D consti-
tutive model for amorphous glassy polymers, structured similarly
to that of Tervoort et al. (1996). But, the resistance to entropy-elas-
tic chain stretch is described by the Edwards–Vilgis free energy
function, that generalises the Gaussian theory to include ﬁnite
extensibility and the slip-link representation of entanglement net-
work junctions, and thereby ﬁts data better. A more fundamental
difference compared to the previous two models, however, is the
introduction of Tool’s ﬁctive temperature Tf to characterise the
material’s structural state, following the widespread success of
its use in studies of structural evolution in glasses by many
authors. The same model can then be applied to an amorphous
polymer right across the temperature range, from the glassy to
the rubbery regime, provided only that the evolution of Tf is pre-
scribed. This form of model was therefore dubbed a ‘‘glass–rubber”
(GR) constitutive model. In terms of such a model, post-yield
strain-softening arises naturally from an increase in ﬁctive temper-
ature induced by plastic strain – there is no need for further empir-
icism to describe this. Clearly, however, for a comprehensive
description, the constitutive model would need to include the full
kinetics of Tf and this is computationally expensive. However,
Buckley et al. (1996, 2004) and Wu and Buckley (2004) showed
that acceptably accurate simulations of strain-softening in the
glassy state were provided by a rate-independent approximation
to the dependence of Tf on plastic strain. More recently, Klompen
et al. (2005) have demonstrated a further powerful advantage of
employing Tf in this context. If its evolution with temperature is
prescribed, the effects of thermal history during processing can
be predicted: for yield, strain-softening and consequent failure
by strain localization. In the present work we employ the GRmodel
in the form proposed by Wu and Buckley (2004), solved numeri-
cally within a Finite Element continuum model of strain localiza-
tion and neck propagation.
In more detail, the main purposes of this paper are as follows.
 First, we present a robust numerical model for implementing the
glass–rubber (GR) constitutive model (Wu and Buckley, 2004)
and linking it into the commercial ﬁnite element (FE) software
ABAQUS via a user-interface UMAT. An explicit formulation is
derived, to solve a coupled set of simultaneous nonlinear differ-
ential equations in the GR constitutive model. An analytical
solution for the rubberlike part of the GR model is also derived.
An iterative technique has been developed, incorporating updat-
ing of the Jacobian matrix in ABAQUS.
 Second, we apply this numerical approach to simulating exten-
sion of rectangular bars of polystyrene. In particular the process
of spontaneous strain localization is examined in detail, with
reference to the effects of varying test conditions and certain
key parameters of the GR material model.
 Third, we explain the pattern of localization observed in simula-
tions, in terms of a linear stability analysis.2. The GR constitutive model for amorphous polymers
The glass–rubber (GR) constitutive model (Wu and Buckley,
2004) captures the major features of the constitutive behaviour
of amorphous polymer solids: e.g. their characteristic strain-soft-
ening and subsequent strain-hardening. The equations are summa-rised here, as background to its numerical implementation
described below. Consider an amorphous polymer subject to a
ﬁnite deformation where a general point at initial position Xmoves
to current position x. The deformation gradient F deﬁned by
F ¼ ox
oX
ð1Þ
is decomposed into two parts: volume change and isochoric defor-
mation. They are given, respectively, as follows:
J ¼ det F; ð2Þ
F ¼ J1=3F: ð3Þ
The isochoric part F can be expressed in terms of a pure rotation R
and deviatoric left stretch V . Their corresponding time-derivatives
(the velocity gradient L, spinW, and rate of deformation DÞ can then
be calculated:
F ¼ VR; ð4Þ
L ¼ _FF1; ð5Þ
W ¼ 1
2
L LT ; ð6Þ
D ¼ 1
2
Lþ LT : ð7Þ
Similarly, the Cauchy stress r in response to deformation is split
into two parts: the mean stress rm and the deviatoric stress S.
r ¼ S þ rmI: ð8Þ
When an amorphous polymer is deformed, there are two, phys-
ically distinct, contributions to the free energy change: perturba-
tion of inter-atomic potentials (which is referred to in the GR
model as ‘bond stretching’) and perturbation of molecular confor-
mational statistics (which is characterized by a conformational en-
tropy function in the GR model). Therefore, the deviatoric stress
has bond-stretching ‘b’ and conformational ‘c’ parts, each of which
must be constitutively prescribed:
S ¼ Sb þ Sc: ð9Þ
From a physical point of view, these two parts dominate the re-
sponses in the glassy and rubbery regimes of an amorphous poly-
mer. From the mechanical point of view, these two parts,
respectively, give rise to nonlinear elastic–viscoplastic response
and a nonlinear elastic response to external loads.
Relaxation of the bond-stretching stress Sb occurs by molecular
segmental diffusion that is sensitive to temperature T, structure
(via Tf) and stress (via Eyring rate kinetics). Thus in full multi-mode
form, the equations are:
Sb ¼
XN
j¼1
v jSbj ; bSbj ¼ 2GbD Sbjsj ; X
N
j¼1
v j ¼ 1; ð10Þ
where sj is the jth relaxation time in an N-term relaxation spectrum
and Gb is the contribution to the shear modulus arising from bond
stretch: the hat ‘ˆ’ indicates time derivative in the material frame
of reference. The set of pairs vj(sj) forms the normalized shear relax-
ation spectrum at the instant concerned. In the linear viscoelastic
range, this model can always be ﬁtted to experimental measure-
ments of the viscoelastic response, by suitable choice of Gb and
the spectrum.
The relaxation time sj is obtained from
sj ¼ ar;jas;jaTsj;0; ð11Þ
where sj;0 is the jth linear viscoelastic relaxation time at the refer-
ence temperature and structure, and the other parameters reﬂect-
ing its variation with stress, structure and temperature are given by
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V ssboct;j
2RT
exp  VprmRT
 
sinh
Vssboct;j
2RT
  ; ð12Þ
as;j ¼ exp CT f ;j  T1 
C
Tf  T1
 
; ð13Þ
aT ¼ exp DH0R
1
T
 1
T
  	
; ð14Þ
respectively, where Vs and Vp are the Eyring shear and pressure acti-
vation volumes, R is the gas constant, T1 is Vogel temperature, T* is
reference temperature, Tf is a stress-free reference conﬁguration
with structure at temperature T*, C is Cohen–Turnbull constant,
DH0 is activation enthalpy, rm is the mean stress and sboct;j is the
isotropic invariant of the stress state deﬁned by
sboct;j ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
3
Sbj : S
b
j
r
: ð15Þ
In order to capture post-yield softening, the ﬁctive temperature Tf,j
varies with visco-plastic strain and in the present work it is deter-
mined from
T f ;j ¼ T f0 þ DT f 1 exp 
evj
ev0
 r !" #
; ð16Þ
where Tf0 is the initial ﬁctive temperature (and varies with thermal
history),DTf is the increase in ﬁctive temperature representing reju-
venation, ev0 is the rejuvenation strain range, evj is the von Mises
equivalent viscoplastic strain at the jth element of spectrum and r
is an empirical ﬁtting parameter of order unity. Eq. (16) is a rate-
independent approximation to the rejuvenation kinetics (Buckley
et al., 2004). In general, parameters DT f ; ev0 and r vary with rate
and temperature of deformation, and Tf0 varies with thermal
history.
The material rate of deviatoric Cauchy stress Sb is identiﬁed
with the Jaumann rate in the presence of spin W, hence the rate
of Cauchy stress with respect to ﬁxed reference axes is given by
_Sbj ¼ bSbj þWSb  SbW : ð17Þ
The conformational stress Sc results from elastic perturbation of
the conformational statistics of the long molecules, constrained by
entanglements represented by ‘‘slip links” (Edwards and Vilgis,
1986). In the present work this contribution to stress is assumed
to be hyper-elastic,1 following previous modelling of glassy poly-
mers (Boyce and Arruda, 1990; Buckley and Jones, 1995; Tervoort
et al., 1996). The principal deviatoric conformational stress Sck may
then be calculated from the conformational free energy function Ac
Sck ¼
1
J
kk
oAc
okk
 p ðk ¼ 1;2;3 and not summedÞ; ð18Þ
where kk are the eigen values of V , p is an unknown pressure arising
from the constraint detV ¼ 1, to be found from trSc = 0, and the free
energy function Ac is given by the following expression, due to
Edwards and Vilgis (1986):
Ac ¼ NskBT
2
ð1þ gÞð1 a2Þ
1 a2P3i¼1k2i
X3
i¼1
k2i
1þ gk2i
þ
X3
i¼1
ln 1þ gk2i
 "
þ ln 1 a2
X3
i¼1
k2i
 !#
: ð19Þ1 This is an approximation to the behaviour of real glassy polymers. It neglects the
non-zero rate-dependence of strain-hardening seen in experimental data for glassy
polymers. Near the glass transition the physical origin of this effect is entanglement
slippage; but at lower temperatures its origin is unknown at present.Here, Ns is the number density of ‘slip-links’, a and g are parameters
representing the degree of inextensibility of the chains and the
freedom of movement of slip links, respectively, and kB is the
Boltzmann constant. It may be noted that the special case
a = g = 0 corresponds to neo-Hookean response.
More details of the GR constitutive model can be found in the
work of Buckley and co-authors. See for example Buckley and Jones
(1995), Buckley et al. (2004), Wu and Buckley (2004).3. Numerical modelling – an explicit solution
The GRmodel is different from classical mechanical constitutive
models that directly deﬁne the relation between true stress, true
strain and true strain-rate. It is a physically based constitutive
model that aims to reﬂect the effects of molecular structure on
the mechanical behaviour of polymers. It has the form of a set of
coupled nonlinear differential equations. In order to implement it
robustly within a numerical continuum model, some particular
numerical features were introduced.3.1. Explicit integration for bond-stretching stress
Evolution of the deviatoric bond-stretch stress is governed by
Eqs. (10) and (17). The potential numerical difﬁculty here, in mod-
elling large and post-yield deformations, is that the relaxation
times are greatly shortened under stress, according to Eqs. (12),
(13) and (16). A conventional forward Euler integration is there-
fore vulnerable to instability unless the time step size is greatly
shortened in compensation. This can produce an impractical con-
straint on execution speed. In the present work, therefore, a more
robust method was employed, following the approach of Dooling
et al. (1998). In solving the differential equation (10) incremen-
tally, the approximation is made at each time step that the relax-
ation time sj and the components of the rate of deformation are
constant through the time-step. Clearly, this requires that the iter-
ative step is small enough for these to be satisfactory approxima-
tions. Meanwhile, for ﬁnite deformations, the Jaumann rate is
used as in the framework of the super-plasticity, to calculate the
effect of a ﬁnite spin W on the Cauchy stress within the ﬁxed
reference frame. This is up-dated by forward Euler integration of
Eq. (17) thus
SbjðtþDtÞ ¼ SbjðtÞ þ DbSbjðtþDtÞ þ WSbj  Sbj W Dt; ð20Þ
where DbSbjðtþDtÞ is the increment of bond-stretch stress in the mate-
rial frame, over the time increment from t to t + Dt, and is obtained
by integration of its governing equation (10).
Since the relaxation times sj and the rate of deformation are
treated as constant within each time-step, Eq. (10) is integrated
analytically through the time-step, to obtain the increment DbSbj
as expressed in the material frame
DbSbjðtþDtÞ ¼ ð1 expðDt=sjðtÞÞÞ 2GbDðtÞsjðtÞ  SbjðtÞ : ð21Þ
The relaxation times sj are updated at the end of each iteration
step and the updated value assumed constant over the next time
step.3.2. Analytical solution for conformational stress
In calculating the conformational stress, the ﬁrst term in Eq.
(18) is obtained by direct differentiation of the free energy function
thus:
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1
J
kk
oAc
okk
¼ 1
J
NskBTk
2
k
a2ð1þgÞð1a2Þ
1a2P3i¼1k2i 2
X3
i¼1
k2i
1þgk2i
þð1þgÞð1a
2Þ
1a2P3i¼1k2i
264

X3
i¼1
1
ð1þgk2i Þ2
þ g
1þgk2i
 a
2
1a2P3i¼1k2i
#
ðk¼ 1;2;3Þ: ð22Þ
The unknown pressure parameter p in Eq. (18) is then determined
from the requirement that the deviatoric conformational stress is
traceless:
p ¼ 1
3
trS0: ð23Þ
Finally, the principal deviatoric conformational stresses are found
from
Sck ¼ S0k  p ðk ¼ 1;2;3Þ ð24Þ
and are rotated to the global reference frame to obtain Sc.
3.3. Full Cauchy stress
In the GR constitutive model, the hydrostatic response is
approximated as being time-independent, therefore the mean
stress rm is calculated directly from the bulk modulus K and the
instantaneous value of the volume ratio J:
rm ¼ K ln J: ð25Þ
Once the deviatoric conformational and bond-stretching stresses
have been solved, the full Cauchy stress is assembled as follows:
r ¼ Sc þ Sb þ rmI: ð26Þ
Because the mean and deviatoric conformational stresses are ob-
tained analytically, and the bond-stretching stress is calculated by
means of an explicit integration technique, the full Cauchy stress
is actually expressed by an explicit formulation. This explicit tech-
nique has been found to be robust, avoiding the potential for insta-
bility of nonlinear integration in large deformation, and allowing
simulation of unstable deformations during strain-softening.
3.4. Finite element implementation – ABAQUS/UMAT
Employing the numerical techniques above, the GR constitutive
model was linked into the commercially available ﬁnite element
(FE) software ABAQUS via a user-interface UMAT, by which users
can deﬁne their own constitutive model.
In most traditional FE products (e.g. ABAQUS), a displacement-
based numerical approach is used and the ﬁrst ﬁeld variable to be
solved is the displacement U. So the user algorithm in ABAQUS/
UMAT must be based on the deformation: the displacement U,
deformation gradient F and true strain e can be used by users as in-
put parameters for calculating other ﬁeld variables (e.g. the Cauchy
stress r). The explicit technique for solving the stress described
above meets this requirement. Meanwhile, in contracted notation,
the tangent stiffness relating the stress vector r = [r11,r22,r33,r12,
r13,r23]T to the strain vector e = [e11,e22,e33,c12,c13,c23]T (named
‘Jacobian’ in ABAQUS) must also be deﬁned before the start of iter-
ation, and may need to be updated at each following iterative step.
Details of the initial and updated Jacobian for the GR constitu-
tive model, employed in the present work, can be found in Appen-
dix A. In addition, an explicit time-marching algorithm is proposed
in Appendix B to implement the developed numerical model in
ABAQUS via the user-interface UMAT. The corresponding ﬂowchart
of the user subroutine UMAT is shown in Fig. 2.4. Application to strain localization
First, by implementing the numerical model in ABAQUS via the
user-interface UMAT, the validity of the GR constitutive model was
illustrated for a particular glassy polymer by means of numerical
simulations on a single element. Then, by carrying out numerical
simulation of structures, the evolution of strain localization during
large deformation of the same glassy polymer was studied.4.1. Performance of the GR constitutive model
In polymers, the yield strength and mechanical behaviour gen-
erally are different under tensile and compressive loading, for
example differences in ﬂow stress are caused by the presence of
the pressure activation volume Vp in the GR constitutive model.
Therefore, the model was tested against experimental data ob-
tained in both tension and compression.
In the present study, the particular glassy polymer of interest
is atactic polystyrene (PS). Relevant parameters of the GR model,
from the recent work of De Focatiis and Buckley (2007), are col-
lected in Table 1. These values were used in all simulations, un-
less otherwise stated. For the present purpose, only a single
relaxation time was employed, taken equal to the geometric
mean of the measured relaxation spectrum. Previous work
showed that, post-yield, this gave a simulated constitutive re-
sponse indistinguishable from that employing the full measured
spectrum (Wu and Buckley, 2004). PS is of special interest in
the present context, as it is well-known to be particularly sensi-
tive to strain localization.
First, material (single element) simulations for polystyrenes un-
der compressive loading were performed for a temperature
T = 60 C and constant nominal strain-rate k0 = 0.001/s. Fig. 3
compares the results from the simulation with experimental data
of Wu and Buckley (2004). Parameters from Table 1 were em-
ployed, except (for reasons given above) for those describing evo-
lution of ﬁctive temperature, which were taken equal to values
found previously (Wu and Buckley, 2004) DTf, = 3.6, ev0 ¼ 0:0439
and r = 1.0: initial ﬁctive temperature for these tests was
Tf0 = 94.9. The simulation is in good agreement with experiment.
A similar material (single element) simulation for polystyrene
under tensile loading was performed for a temperature of 96 C
and constant nominal strain-rate of 0.001/s. De Focatiis and Buckley
(2007) has found PS to deform uniformly in tension, to within
experimental resolution, under these conditions. In this case all
parameters were taken from Table 1. Fig. 4 compares simulation
results with experimental data (De Focatiis and Buckley, 2007)
and again shows good agreement.4.2. Simulation of strain localization during extension
Strain localization was examined in the context of a rectangular
prismatic bar under axial tensile loading. The test bar simulated
has the geometry 30.0  10.0  2.0 mm (length width  depth).
In order to locate any inhomogeneous deformation at the centre
of the bar, a slight geometric defect was included: a 0.5% narrowing
of the bar at its centre, following a cubic proﬁle over the central
20 mm length of the bar. Exploiting the symmetry of the bar, only
one-eighth of it was simulated. The deformation history was
tracked at ﬁve different positions along the axis of the bar, points
A, B, C, D and E, as shown in Fig. 5: distances from the centre of
bar were xA = 0.0 mm, xB = 2.5 mm, xC = 5.0 mm, xD = 10.0 mm,
xE = 15.0 mm (i.e. with A in the centre and E at the remote end of
bar). The simulated structure was discretized by 940 20-node,
3D, brick ﬁnite elements and the resulting ﬁnite element (FE)
model is shown in Fig. 6.
80
UMAT
START
Definition of variables
Loading state-variables
Call SUB_RUBBER 
(Calculating S c and J c)
Updating full stress 
σ  = S c +S b +σm I
Saving state-variables
Printing field results
Exit: to ABAQUS
END
Entrance: from ABAQUS
Call SUB_GLASS 
(Calculating S b and J b)
step h
= 0 ?
Analytically 
initializing J
yes
Numerically 
updating J
no
Initializing field 
variables
Fig. 2. The ﬂowchart of the UMAT subroutine.
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First, a structural simulation for polystyrene at a temperature of
T = 96 C and nominal strain-rate 0.001/s was carried out with the
FE model and the material parameters in Table 1. The deformations
at different positions in the bar are shown in Fig. 7. The maximumTable 1
Material parameters of polystyrene used in the GR constitutive model.
Parameter Value
Number of relaxation spectrum N 1
Relaxation time s0 at 120 C (s) 1.1  105
Inextensibility factor of network a 0.01
Slip-link mobility factor g 0.0
Density of slip-links Ns (m3) 2.78  1026
Bulk modulus K (GPa) 4.1
Unrelaxed shear modulus G (GPa) 0.455
Shear activation volume (103 m3/mol) 2.4
Pressure activation volume (103 m3/mol) 0.22
Activation enthalpy DH0 (kJ/mol) 162
Fictive temperature Tf0 (C) 96.51
Increase in ﬁctive temperature DTf (K) at 96 C 0.869
Limiting temperature T1 (C) 85.0
Cohen–Turnbull constant C (K) 222
Reference temperature (C) 120.0
Rejuvenation strain-range ev0 at 96 C 0.0208
Rejuvenation parameter r 1.46strain localization was only 2%: slightly greater than the relative
size of geometric defect - 0.5%, and, quasi-homogeneous deforma-
tion propagated along the whole bar. The Strain Localization FactorCompressive true strain
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Fig. 3. True stress versus true strain for polystyrene, as measured in compression at
T = 60 C, _k0 ¼ 0:001=s (Wu and Buckley, 2004).
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Fig. 4. True stress versus true strain for polystyrene, as measured in tension at
T = 96 C, _k0 ¼ 0:001=s (De Focatiis and Buckley, 2007).
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Fig. 5. Geometry of the simulated one-eighth bar.
H.X. Li, C.P. Buckley / International Journal of Solids and Structures 46 (2009) 1607–1623 1613(SLF) in the bar which is deﬁned as the ratio between the true
strains eA/eE at points A and E, is presented in Fig. 8, and the numer-
ical results shown as contours of axial true strain in Fig. 9. Thus
only slight necking is predicted under these conditions, in accord
with experiment. This result is surprising in view of Vincent’s pre-
diction (1960) since, as Fig. 10 shows, the simulated nominal stressFig. 6. The FE model of(deﬁned rn = P/A0, where P is the axial load applied to the end of
bar and A0 is the original cross-section area of the bar) passes
through a pronounced maximum, and instability is expected. A
rate-independent material would be expected to show signiﬁcant
strain localization under these conditions. In the case of polysty-
rene, the combination of its rate-dependence, and relatively low
strain-rate and high temperature has apparently suppressed al-
most all localization.
In order to reveal the effect of varying test conditions, the above
simulation was repeated for an extension rate of 0.05/s while other
testing conditions were unchanged. The simulated response of the
polystyrene bar is shown in Fig. 11 as paths of true stress versus
true strain at the various locations, while the overall length of the
bar increases by 159%. These results demonstrate that the simu-
lated yield strength increases with rise of extension rate, and inho-
mogeneous deformation becomesmore pronounced. After the yield
peak, the true-stress/true-strain trajectories followed at different
positions in the bar diverge, indicating signiﬁcant strain localiza-
tion. The SLF for extension rate 0.05/s reaches 2.18, as Fig. 12
shows: much greater than the ﬁgure of 1.02 for extension rate
0.001/s. Fig. 12 reveals that localization initiates sharply near the
peak in true stress, but then slows down and grows steadily at an
increasing rate throughout the rest of the simulated test up to 32
s, when it was terminated. This steady growth of the localization
can also be seen in the sequence of contour plots of axial true-strain
distribution (e11) at different times as shown in Fig. 13. It is clear
that the FE model predicts a dramatic increase in strain localization
with increase in extension-rate from 0.001/s to 0.05/s at a temper-
ature of 96 C. It is noteworthy that this is precisely what is ob-
served experimentally. In fact PS strain-localises so much at 0.05/
s that brittle fracture intervenes early in the test (De Focatiis and
Buckley, 2007). These results are in conﬂict with the conclusion of
Wu and Van der Giessen (1995) from simulations of polycarbonate,
that necking in a glassy polymer is not sensitive to strain-rate.
This simulation was repeated for four further extension-rates,
and all six results are summarised in Fig. 14, showing the early part
of the evolution of the strain localization factor, and the strain-rate
sensitivity of this factor at an overall extension of 2.59.
4.2.2. The inﬂuence of temperature
The polymer material is not only rate-dependent, but also
strongly temperature-dependent. When the working temperature
is changed, especially near the glass-transition temperature, thethe one-eighth bar.
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Fig. 7. True stress versus true strain at different position in the bar (T = 96 C, _k0 ¼ 0:001=s).
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Fig. 9. The contour of axial true strain distribution (T = 96 C, _k0 ¼ 0:001=s).
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changes signiﬁcantly, primarily through the effect of changing
mechanical relaxation times (Eq. (14)). The effects of varying tem-
perature on strain localization are illustrated by results of a further
numerical simulation, for the testing conditions of T = 70 C andnominal strain-rate 0.001/s. The results are shown in Figs. 15–17.
The simulated SLF for this test condition increases dramatically,
from the value of 1.02 shown above for T = 96C, to 2.12 for
T = 70 C (see Fig. 17). This trend, of increasing strain localization
with decrease in test temperature is a common experimental
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Fig. 10. Nominal stress versus stretch (T = 96 C, _k0 ¼ 0:001=s).
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6
0
1x107
2x107
3x107
4x107
5x107
6x107
7x107
Tr
u
e
 s
tre
ss
 (P
a)
True Strain
 A
 B
 C
 D
 E
Fig. 11. True stress versus true strain at different position in the bar (T = 96 C, _k0 ¼ 0:05=s).
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Fig. 12. Evolution of Strain Localization Factor (T = 96 C, _k0 ¼ 0:05=s).
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rene, localization is so pronounced at 70 C that experimentally it
usually fails in brittle fashion in tension.
4.2.3. The inﬂuence of strain-softening
The typical post-yield mechanical behaviour of glassy polymers
exhibits two distinct stages: strain-softening followed by strain-
hardening, as sketched in Fig. 1. Thus, after yield, the true stress
falls initially. Physically, this softening is known to be a symptom
of deformation-induced structural ‘rejuvenation’ of the amorphous
polymer. It has a major inﬂuence on strain localization. In the mod-
el it is captured through increase of the ﬁctive temperature via Eq.
(16). As the strain increases further, however, the thermally acti-
vated molecular units ﬂow and align with the applied stress, giving
rise to a ‘‘strain-hardening” of entropic origin. This feature has the
opposite effect, tending to reduce localization. It enters the model
through the free energy function Ac in Eq. (19). This section dis-
cusses the effect of varying softening on strain localization, while
the next section will discuss the role of hardening.
In the GR constitutivemodel, strain-softening arises in the bond-
stretching arm of the model, and the key parameters quantifying
Fig. 13. The contour of axial true strain distribution (T = 96 C, _k0 ¼ 0:05=s).
1.00 1.05 1.10 1.15 1.20 1.25 1.30
1.0000
1.0125
1.0250
1.0375
1.0500
1.0625
1.0750
1.0875
St
ra
in
 L
oc
al
iza
tio
n 
Fa
ct
or
 (S
LF
)
Stretch λ
 0.05/s
 0.01/s
 10-3/s
 10-4/s
 10-5/s
 10-6/s
Fig. 14. Evolution of Strain Localization Factor for different extension-rates (T = 96 C).
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the initial structural state of the polymer) and its strain-induced
increase DTf. In order to investigate how the degree of strain soft-
ening affects strain localization and failure in glassy polymers, a
parametric study was carried out, where four pairs of parameter
values, bracketing the experimental values (shown in Table 1)
were employed in simulations of polystyrene under the testing
conditions temperature T = 96 C and nominal strain-rate 0.05/s
as follows:(a) Tf0 increased 0.5 while DTf decreased 0.5 (to decrease
softening).
(b) Original material parameters as shown in Table 1 for
comparison.
(c) Tf0 decreased 1.0 while DTf increased 1.0 (a little more
softening).
(d) Tf0 decreased 2.0 while DTf increased 2.0 (much more
softening).
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Fig. 15. True stress versus true strain at different position in the bar (T = 70 C, _k0 ¼ 0:001=s).
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Fig. 16. Evolution of true-strain rate at different position in the bar (T = 70 C, _k0 ¼ 0:001=s).
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Fig. 17. Evolution of Strain Localization Factor (T = 70 C, _k0 ¼ 0:001=s).
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observed experimentally when glassy polymers are tested after
differing thermal histories. The intrinsic constitutive response of
PS, for each of these parameter sets, is plotted in Fig. 18, showing
that only the yield stress and amplitude of softening are changed
and the subsequent hardening is unaffected.
The corresponding deformations at different points in the bar
are shown in Fig. 19. It can be seen that the more pronounced is
the softening, the more inhomogeneous is the deformation that re-
sults. The time sequence of axial true strain-rate at different posi-
tions in the bar is presented in Fig. 20(a)–(d). The general
downward trend simply arises from the fact that the simulations
are for a constant rate of nominal tensile strain-rate e˙, therefore
true strain-rate _e ¼ _e=ð1þ eÞ and hence the bond-stretch ﬂow-
stress decays. But Fig. 20 reveals clearly how the rate of true strain
varies strongly along the bar. We now see that a systematic se-
quence emerges, with the strain-rate localization passing through
two distinct stages. Stage 1 begins as the stress passes over the
yield peak: where a short spurt of necking is seen. Pronounced
localization of strain-rate appears, but then rapidly subsides as
strain-softening ceases. Then Stage 2 begins: this is a more gradual,
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Fig. 18. Constitutive behaviour for different initial ﬁctive temperatures Tf0 and its
increases DTf.
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this too eventually subsides, indicating stabilization of the localiza-
tion. The two stages are visible to differing degrees in the different
cases. In particular, the rate of localization reached in Stage 1
increases strongly with the extent of strain-softening, and this is
carried over into Stage 2. Fig. 20 also shows that Stage 2 localiza-
tion begins to saturate (strain-rate at A begins to fall) later in the
simulations for greater strain-softening. In some cases – e.g. in0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6
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Fig. 19. True stress versus true strain at different position in the bar (strFig. 20(d) – the Stage 2 peak in strain-rate is not reached within
the duration of the simulation. Fig. 21 gives the corresponding
Strain Localization Factor (SLF) for these four conditions. As ex-
pected from Fig. 20, there is a prominent trend of increasing strain
localization with increasing strain softening, as observed in the
simulations of Wu and Van der Giessen (1995). In cases (a)–(c)
the curves show an inﬂection, indicating localization is beginning
to saturate, but in (d) this point is not reached.
4.2.4. Neck stabilization resulting from strain hardening
In some of the simulations reported above, it appears that Stage
2 localization is eventually subsiding, in that the strain-rate at A
passes over a second peak. But the deformation did not return to
homogeneity within the period of the simulation. To conﬁrm that
this does lead ultimately to the re-establishment of homogeneous
straining, a simulation was carried out for extension at T = 96 C
and stretching speed 0.006/s, of a hypothetical polymer with the
same properties as PS, except with a doubled density of slip-links
and correspondingly increased inextensibility factor: Ns =
5.554  1026 m3 and a = 0.13, respectively. The numerical results
are shown in Figs. 22–24. The stress–strain paths followed at dif-
ferent points in the simulated bar are almost the same, as only a
small degree of localization occurs in this case. Nevertheless,
Fig. 22 shows that there was a slight localization of strain-rate with
the difference in strain-rates between A and E passing through a
peak, and hence a mild neck formed and propagated through the
structure. The SLF plotted in Fig. 23 shows clearly that a neck be-
gins to form after the yield peak at a time t = 6 s (corresponding
to point Pf in the graph of nominal stress in Fig. 24), and then in-0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6
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Fig. 20. Evolution of true-strain rate at different position in the bar (structural simulation for the material behaviours as shown in Fig. 18).
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Fig. 21. Evolution of Strain Localization Factor (structural simulation for the material
behaviours as shown in Fig. 18).
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degree of localization begins to decay, indicating stabilisation.
Finally, by t = 555 s (corresponding to point Ps in Fig. 24) the strains
at points A and E are equalised, and uniformity of deformation is
re-established. It is noteworthy that points Pf and Pt in Fig. 24 occurat the maximum and near to the minimum of nominal stress,
supporting the simple time-independent argument of Vincent
illustrated in Fig. 1.
5. Discussion in terms of stability analysis
The results presented above illustrate how the distribution of
strain evolves spontaneously during extension of a nominally uni-
form bar of glassy polymer. To explain them requires consideration
of the stability of the bar to perturbations of strain. A convenient
means of obtaining insight is a linear perturbation analysis – see
for example Hutchinson and Neale (1977). We focus on the post-
yield, quasi-elastic–viscoplastic, response of the polymer in uniax-
ial extension, where the GR model gives dependence of the true
stress r on axial true strain e (via the evolution of ﬁctive temper-
ature, and the conformational stress) and axial true strain-rate _e
(via the Eyring process rate kinetics).
At any instant, the axial true strain distribution may be written
in terms of a Fourier series
eðx; tÞ ¼ e0ðtÞ þ
X1
q¼1
~eqðtÞ expðiqkxÞ; k ¼ 2p=L; ð27Þ
where L is the length of the entire bar. The mean axial strain at time
t is e0 and ~eq is the amplitude of a perturbation of wavelength L/q.
We now restrict attention to long wavelength perturbations
only, where q L/B if B is the width of the bar, and transverse vari-
ations in stress and strain may be neglected. Then the requirement
of axial equilibrium and the approximation of volume conservation
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Fig. 22. Evolution of true-strain rate at different position in the bar (T = 96 C,
_k0 ¼ 0:006=s).
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Fig. 23. Evolution of Strain Localization Factor (T = 96 C, _k0 ¼ 0:006=s).
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: ð28Þ
If, at some instant in an approximately uniform deformation of the
bar, there existed in fact a strain distribution as given in Eq. (27)
with small ﬂuctuations ~eq, we can now determine whether these
would spontaneously grow or decay. Substituting from Eq. (27) into
Eq. (28), and exploiting orthogonality of terms in the Fourier series,
gives the following result for the relative rate of growth g of the qth
perturbation
g ¼
_~eq
~eq
¼ r or=oe
or=o _e
¼ _e0 FsFE ; ð29Þ
where we introduce two factors representing key features of the
polymer behaviour: a softening factor Fs and the gradient of the
tensile Eyring plot (r versus ln _e) FE:
Fs ¼ r or=oe; FE ¼ or=o ln _e: ð30Þ
In the following discussion it will be useful to note that Fs may be
expressed alternatively in terms of nominal stress rn:
Fs ¼ k2 ornok : ð31Þ
In this linear approximation g is equal for all the (long) wave-
lengths (i.e. independent of q). Clearly, if g < 0 all the ﬂuctuations de-
cay and homogeneous deformation is stable. If g > 0, then
homogeneous deformation is unstable and the ﬂuctuations grow
exponentially. Since FE is always positive, this becomes simply a
re-statement of the elementary stability condition: homogeneous
deformation is stable/unstable for softening factor Fs < / > 0. For
strain-hardeningmaterials such as polymers it conﬁrms the validity
of Vincent’s extended Considère construction (Fig. 1), with pointsM
and Nmarking the points where Fs, and hence g, change sign: points
of maximum and minimum in rn(k), respectively. But Eq. (29) also
provides insight into the process of localization, and its dependence
on testing conditions and on speciﬁc material parameters. In the
unstable case, the magnitude of g indicates how rapidly the ﬂuctu-
ations grow. Thus, even when uniform deformation is unstable, a
sufﬁciently high value of FE, combined with a sufﬁciently low
strain-rate may give the ﬂuctuations such a low rate of growth as
to render localization insigniﬁcant over a given time-scale, giving
the illusion of stability. This feature of rate-dependent materials
generally was already pointed out for metals many years ago by3.0 3.5 4.0 4.5 5.0
ps
tretch λ 
etch (T = 96 C, _k0 ¼ 0:006=s).
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ear analysis of it for a power-law material. The present study illus-
trates how this is manifest in a glassy polymer.
Such an interpretation explains well the present simulations of
localization in PS. For example it explains the overall sequence of
localization observed. Given that the nominal stress varies as
shown in Figs. 10 and 24, it is no surprise that the growth of strain
ﬂuctuations occurs in two stages, with a rapid spurt followed by a
more gradual growth that saturates, following variation of the gra-
dient of rn(k). This is precisely what Eqs. (29) and (31) predict. The
Eyring gradient FE is independent of true strain-rate to a good
approximation under the conditions of the simulations, and it is
proportional to absolute temperature according to the constitutive
model (seeWu and Buckley, 2004). Increased extension-rate there-
fore leads directly to increased rate of localization from Eq. (29), as
seen in the simulations (compare Figs. 8 and 12). Decreased tem-
perature leads to higher negative gradient of rn(k) and a deferred
minimum in this function. Hence this too is expected to lead to
more rapid and more severe localization, again as seen in the pres-
ent results (compare Figs. 8 and 17). Increase in the degree of
strain-induced rejuvenation (via increase in DTf) causes more
strain-softening over the same strain-range, hence higher negative
gradient of rn(k) and more rapid localization is expected. Again
this is seen in the simulations (Fig. 20).
This combination of FE simulations and stability analysis has
provided some new insight into the process of localization in
glassy polymers, challenging conclusions from some previous
studies. In particular, it has clariﬁed the vital role of the rate-
dependence of quasi-visco-plastic ﬂow in these materials. Clearly,
rate-dependence cannot prevent localization in spite of a peak in
the nominal stress, as has been claimed (Sweeney et al., 1999).
Moreover, rate-dependence alters signiﬁcantly the pattern of evo-
lution of strain, in contradiction to Wu and Van der Giessen (1995).
In a hypothetical rate-independent polymer, the formation of a
neck would require strain-recovery elsewhere in the tensile bar
in order to satisfy equilibrium along the bar (Van Melick et al.,
2003). But as the present work shows, this does not occur. In fact,
such a rate-independent analysis grossly misrepresents the evolu-
tion of strain distribution during localization. Rate-dependence
makes possible inﬁnity of stress–strain paths that could be
followed. Thus, when a neck forms at one location in the bar, equi-
librium along the bar may be maintained by other locations simply
straining more slowly. In none of the present simulations was
there any prediction of strain-recovery (i.e. a negative strain-rate)
during localization. Moreover rate-dependence has an important
practical consequence for the process of localization, as it greatly
affects the rate at which ﬂuctuations grow in the unstable case,
and hence its severity on a given time-scale. This has been known
in principle since pointed out by Hutchinson and Neale (1977), but
seems not to have been appreciated previously in the context of
polymers.6. Conclusions
A detailed investigation was made of the process of spontane-
ous strain localization (necking) that occurs during uniaxial exten-
sion of a typical glassy polymer, in the time/temperature window
where such a material exhibits ductile behaviour. The study was
made possible by implementing numerically the ﬁnite deformation
glass–rubber (GR) constitutive model for amorphous polymers
near the glass transition (Buckley and Jones, 1995; Wu and Buck-
ley, 2004) within the commercial ﬁnite element software ABAQUS,
via a user-deﬁned material subroutine (UMAT). The implementa-
tion employs an explicit solution of the highly nonlinear differen-
tial equations involved that proved robustly stable even whensimulating pronounced strain-softening. The continuum model
was used to simulate numerically the axial extension of a tensile
bar of glassy polymer, under various conditions and with various
values for key material parameters.
In all simulations, the PS was modeled as showing prominent
post-yield strain-softening, as seen experimentally in glassy
polymers. Nevertheless, the extent and process of strain localiza-
tion predicted are found to vary greatly, again as found experi-
mentally. In general, the simulations reveal a characteristic
sequence within the necking process, passing through two
stages. In the ﬁrst stage there is a short-lived spurt of localiza-
tion, starting at the yield peak. Then there is a second stage
characterized by a much more gradual build-up of localization
to an eventual peak, ﬁnally subsiding as the neck lengthens, un-
til homogeneous deformation is restored eventually, if fracture
does not intervene ﬁrst. This sequence may be explained in
terms of a simple one-dimensional stability analysis, which
shows it is an inevitable consequence of the characteristic con-
stitutive response of glassy polymers. The same analysis, when
combined with the physically based constitutive model used
here, also explains the dependence of the localization process
on test parameters such as temperature and strain-rate, and on
physical parameters of the polymer such as the extent of struc-
tural rejuvenation (increase in ﬁctive temperature) and density
of molecular entanglements (determined by molecular ﬂexibil-
ity). The ﬁnal severity of localization is predicted to increase
with the extent of rejuvenation and to reduce with increasing
entanglement density: this is consistent with previous studies
(Wu and Van der Giessen, 1995; Govaert et al., 2000; Van Melick
et al., 2003). But the present study has provided new insight into
the process of localization, and especially of the effects of
rate-dependence of visco-plastic ﬂow in a glassy polymer, chal-
lenging some claims made previously.
The present simulations have shown that the necking process in
a glassy polymer is more complex than seems to have been
acknowledged previously. This prediction needs experimental
veriﬁcation, and work is in progress in our laboratory to do this.
The complexity is readily explained, however, using stability anal-
ysis applied to the characteristic constitutive response of a glassy
polymer.
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Appendix A. The calculation of Jacobian for the GR model
A.1. Initial Jacobian deﬁnition
The GR constitutive model expresses the Cauchy stress as the
sum of three parts – deviatoric ‘b’ and ‘c’ parts and a hydrostatic
part, therefore the full Jacobian J is expressed as
J ¼ Jc þ Jb þ Jk; ðA-1Þ
where Jb is the shear part of the Jacobian from the bond-stretch re-
sponse, Jc is the shear part of the Jacobian from the conformational
response, and Jk is the hydrostatic part of the Jacobian.,
To launch a numerical solution, the initial Jacobian needs to be
deﬁned either analytically or from experimental data. In the GR
model, the initial bulk modulus K and initial bond shear modulus
1622 H.X. Li, C.P. Buckley / International Journal of Solids and Structures 46 (2009) 1607–1623Gb are input material parameters. So the initial Jk and Jb are found
from:
Jk0 ¼ K
1 1 1 0 0 0
1 1 1 0 0 0
1 1 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
2666666664
3777777775
; ðA-2Þ
Jb0 ¼ GbP; ðA-3Þ
where the coefﬁcient matrix P has the form
P ¼
4
3  23  23 0 0 0
 23 43  23 0 0 0
 23  23 43 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
2666666664
3777777775
: ðA-4Þ
The value of the initial Jacobian Jc is determined by the free en-
ergy function Ac. In the initial undeformed state, the ‘c’ response is
linear elastic for small strain perturbations, hence the contribution
to the Jacobian can be simply expressed through a small strain
shear modulus Gc0:
Jc0 ¼ Gc0P; ðA-5Þ
where, for this purpose, the shear modulus is derived from Eq. (19)
in its neo-Hookean approximation
Gc0 ¼ NskTB: ðA-6Þ
By this means the full initial Jacobian is obtained analytically in
the user-interface UMAT, and a time-marching analysis begins.
A.2. Updating the Jacobian
Once the initial Jacobian is deﬁned and an analysis starts, the
Jacobian is updated at each following time step because of the
nonlinear response of the constitutive model. The updated Jaco-
bian is determined as the consistent tangent modulus of the
nonlinear material. In the GR constitutive model, the bulk mod-
ulus K is constant during deformation, so Jk remains constant.
Only the tangent ‘b’ and ‘c’ shear moduli need to be updated
at each time step.
From the evolution equation (10), for the calculation of the
deviatoric ‘b’ stress, it can be seen that the response remains
isotropic throughout the whole deformation. From Eq. (21), the
consistent tangent ‘b’ shear modulus can be determined from
GbðtþDtÞ ¼ GbðtÞ 1 expðDt=sjðtÞÞ
 
= Dt=sjðtÞ
 
: ðA-7Þ
Once the ‘b’ shear modulus is calculated, the ‘b’ shear Jacobian Jb is
updated:
JbðtþDtÞ ¼ GbðtþDtÞP: ðA-8Þ
From the deﬁnition of deviatoric ‘c’ stress in Eq. (18), it can be
expected that the incremental ‘c’ response is initially isotropic
but becomes anisotropic during deformation. So the updated Jc is
anisotropic. Because the deﬁnition of conformational stress is gi-
ven in principal stress space, the incremental ‘c’ stiffness is also cal-
culated in this space. At each iterative step, the anisotropic, tangent
stiffness coefﬁcients in the principal conformational deviatoric
stress space is calculated and updated by analytical double differ-
entiation of AcGcij ¼
1
2
oSci
oej
¼ 1
2
kj
oSck
okj
¼ 1
2
kj
o
okj
1
J
ki
oAc
oki
 p
 
ði ¼ 1;2;3; j ¼ 1;2;3Þ: ðA-9Þ
And then the conformational shear Jacobian in the principal stress
space was updated by
Jc¼
2
3ð2Gc11Gc12Gc13Þ 23ð2Gc12Gc11Gc13Þ 23ð2Gc13Gc11Gc12Þ 0 0 0
2
3ð2Gc22Gc21Gc23Þ 23ð2Gc23Gc21Gc22Þ 0 0 0
2
3ð2Gc33Gc31Gc32Þ 0 0 0
Gc0 0 0
sym Gc0 0
Gc0
2666666664
3777777775
;
ðA-10Þ
where, for computational efﬁciency, the shear stiffness moduli
Jc44; J
c
55 and J
c
66, are approximated by the neo-Hookean value as de-
ﬁned by Eq. (A-6). This approximation was found to have negligible
effect on the convergence of numerical simulations.Appendix B. An explicit time-marching algorithm
Based on the explicit calculation of stresses and the deﬁnition of
Jacobian, an iterative algorithm based on incremental ﬁnite ele-
ment analysis for implementing the GR constitutive model in ABA-
QUS via user-interface UMAT was proposed as follows:
Step 0: initializing iterative variables.
In order to trigger a time-marching analysis, ﬁrst, the Jacobian
matrix needs to be initialized by an analytical solution as ex-
pressed in Section A.2. Meanwhile, some solution-dependent state
variables and ﬁeld variables need to be initialized. For an initially
un-deformed (no residual stress) structure, the initial condition
can be set up as
Sbjð0Þ ¼ 0; ðB-1Þ
ar;jð0Þ ¼ 1; ðB-2Þ
T f ;jð0Þ ¼ T f0: ðB-3Þ
Step h (h = 1,2, . . .,n): updating iterative variables.
Two variables are updated in the UMAT: the Jacobian matrix is
numerically updated by Eqs. A-7,A-8,A-9,A-10; and the stress ﬁeld
calculated as described in Section 3. The main calculations include
the following:
 Updating the state variable and the relaxation time sj at current
iterative step by Eqs. (11)–(16).
 Calculating the incremental bond-stretching stress at current
iterative step by Eq. (21).
 Updating the bond-stretching stress at the end of current itera-
tive step based on Eq. (20).
 Calculating the conformational stress at the end of current
iterative step by Eqs. (22)–(24).
 Updating the mean stress at the end of current iterative step by
Eq. (25).
 Updating the full Cauchy stress at the end of current iterative
step by Eq. (26).
 Updating the Jacobian as described in Appendix A.2.
A ﬂowchart of the user subroutine UMAT for implementing the
model in ABAQUS is shown in Fig. 2.References
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